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Multiprocessor Sparse L /U Decomposition

with Controlled Fill-in

Gita Alaghband
and
Harry F. Jordan
Department of Electrical and Computer Engineering
University of Colorado

Abstract

During i,/17 decomposition of a sparse matrix. it is possible to perform com-
putation on many diagonal elements simultancously. Pivots that can be pro-
cessed in parallel are related by a compatibility relation and are grouped in a
compatible set. The collection of all maximal compatibles yields different
maximum sized sets of pivots that can be processed in parallel. Generation of
the maximal compatibles is based on the information obtained from an
incompatible table. This table provides information about pairs of incompa-
tible pivots. In this paper, generation of the maximal compatibles of pivot
clements for a class of small sparse matrices is studied first. The algorithm
involves a binary tree search and has a complexity exponential in the order of
the matrix. Different strategies for selection of a set of compatible pivots
based on the Markowitz criterion are investigated. The competing issues of
parallelism and fill-in generation are studied and results are provided. A
technique for obtaining an ordered compatible set directly from the ordered
incompatible table is given. This technique generates a set of compatible
pivots with the property of generating few fills. A new hueristic algorithm is
then proposed that combines the idea of an ordered compatible set with a
fimited binary tree scarch to generate several sets of compatible pivots in
linear time. Finally, an elimination set to reduce the matrix is sclected.
Parameters are suggested to obtain a balance between parallelism and fill-ins.
Results of applyving the proposed algorithms on several large application
matrices are presented and analyzed.

*Research wae supported in part by NASA Contract No. NAS1-17070 and by the Air Force Office of
Seientifie Research under Grant No. AFOSR 85-‘~§ ‘hile the authors were in residence at ICASE, NASA
Langly Research Center, Hampton, VA 23665. ol §




Introduction

Solution of a linear svstem of equations is required in many apphication
programs. One such area is the VLSI circuit simulation programs. Every
computer-aided cirenit analysis program includes a routine that solves a sys-
tem of sparse lincar cquations. If implicit integration is used, at every time
step one must solve a system of nonlinear equations (usually by Newton itera-
tion). At every iteration a system of linear equations must be solved.
Depending on the integration method, the number of times that a sparse sys-
tem of linear equations needs to be solved may be large. If it is possible 1o
reduce the solution time for the sparse system. the total circuit analysis time
would be significantly reduced. One method for solving such a system is the
factorization of the matrix into lower and upper triangular matrices followed
by forward and back substitutions.

One promising arca for advances in solution technique is the use of paral-
lel computers and parallel algorithms. Our previous work on parallelizing the
MA28 [1] sparse matrix package for the HEP [2] multiprocessor suggests that
suflicient parallelism is not obtainable in sparse L/U decomposition without
processing multiple pivots in parallel [3]. Parallel pivoting strategics have
been investigated by Calahan [1] and more recently by Wing and Haung [5].
[6]. Jess and Kees [7] and Peters [8]. Although the number of operations pos-
sible in parallel may be large in a very sparse system, exploitation of all the
available parallelism may significantly increase the generation of fill-ins [zero
clement of the matrix becoming nonzero as a result of elimination). Since
fill-in increases the total computation work, it is important to keep the
number generated under control. The purpose of this work is to study sparse
1./U decomposition on a multiprocess~r by means of an algorithm which
exploits parallel pivots and keeps fillin 'ow. The class of sparse systems
guiding the study will be those arising i 1 the simulation of VLSI circuit.
using a program such as SPICE [9].

Wing and Haung in [5] represent the triangulation process by a directed
graph where the vertices represent a divide or update operation (operations
required for performing the trianngulation). and the edges determine the pre-
cedence relation of the operations to be executed. By assigning level numbers
to the directed graph, they identify all operations on the same level to be
done in parallel. They use a weighted combination of fill-in cost and depth of
computation in a heuristic to determine a nearly optimal pivot sequence.
While Wing and Haung identify all the operations that can be done in paral-
lel. we will identify all pivots that can be processed in parallel at each step.
An issue that has not been discussed in the literature is that in a sparse
matrix there are usually different sets of possible pivot candidates for each
step. and the sizes of these sets may well vary, It seems important to study
these possibilities and the effect of parallel pivoting on application matrices.
Algorithms identifying parallel pivot candidates are complex, so it will be of
value to come up with such algorithms only if the amount of parallelism in
circuit domain matrices is large enough to justify the computation required
to identify it.
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In this paper. we assume a shared-memory, MINMD model for our parallel
computation, in which the total memory address space is accessible uniformly
to all parallel units (processes or individual processors). This computational
model should provide synchronization mechanisms to allow multiple memory
updates . If multiple updates are aimed at the same memory cell, the penalty
paid is a short delay in access time. Based on this computational model, the
first half of this paper is devoted to study the amount of parallelism that
exists in application matrices. This is carried out by producing all possible
sets of pivot candidates which can be processed in paralle] at each step for a
number of small matrices. Observations are then made on different strategies
for choosing one of the sets produced at each step, and hence the generation
of fill-ins and possible parallel pivoting steps. The complete and detailed
analysis of this study leads us into the second half of the paper, where we
describe a fast heuristic algorithm to produce a set of acceptable parallel
pivot candidates for reducing the matrix at each step. Issues involved in
balancing parallel work and fill-in generation are discussed and verified
through simulated results.

Parallel Pivot Candidates
The triangulation method used here as mentioned above will he sparse

L/U decomposition. Vor simplicity, we only consider the diagonal elements of

the matrix as pivot candidates. Note that pivoting usually refers to unsvm-

metrie permatations of the matrix for swapping an offl-diagonal matrix ele-
ment with a diagonal element. In this paper, we are only considering sym-
metric permutations of the matrix. Even though we are not pivoting in the
above sense, the terius pivot and pivoting are used throughout the paper to

refer to the diagonal clement used to reduce the matrix at a given step and a

syimimetric permulation respectively.

In a sparse matrix, two pivots a; and a,. can be processed in parallel if

a.. and a. are both zero. In other words, Juring elimination, row } is not

involved in the ciimination process taking place for pivot a., and row i is not

involved in the process for a... This statement can only be true if we provide
correct svuchronizations for siniultancous update during the elimination with
parallel pivot candidates:

1. During elimination, when processing pivols LIPS in parallel, it is pos-
sible that an element of a nonpivot row needs to be updated by all or
some of the parallel processes handling pivots i,j,... for the current step.
In order for each process to ohtain a completely updated value, as a
result of a previous update, the update operation must be done asyn-
chronously by parallel proeesses. On the other hand, the order in which
parallel processes update an clement is of no importance (except for
round off errors).

2. During climination, when processing pivots L PRI in parallel, it is pos-
sihle that a fill-in is generated in position (m,n]. It is also possible that
more than one process tries ‘o generate a fill-in in the same position
(m,n). The position (m,n) for the fill-in must he created once by onc

process only, and other processes will update its value asin 1.




If two pivots a. and a,. can be processed in parallel, and if a. and a,,
can also he processed in parallel, then .., and a,, cannot necessarily be
processed in parallel. The relation between parallel pivot candidates s
reflerive and symmelrie, but not {ransilive, and is thus a compatibility rela-
tion. Two pivots related in this way will simply be said to be compatible in
what follows. A consequence of the nontransitivity of the compatibility rela-
tion is that it classifies the elements of a set into nondisjoint subsets, so that
all members of a subset are compatible. These subsets are called compatibil-
ity classes. Thus, in order to come up with all possible sets of pivots that can
he processed in parallel and are of maximum size, we need to find all maximal
compatibles. A maximal compatible is a compatible that is not included in

any larger compatible.
To clarify the discussion, we define a boolean matrix B for each sparse
matrix A, such that:

b',]. =1 iff a;#0
b|,). =0 otherwise

where b'.]. and a_ denote elements of B and A respectively.

Several approaches for constructing the set of maximal compatibles exist,
and they are all based on construction of an incompatible table [10]. The
incompatible table specifies pairs of incompatible elements. Assume pivots
are taken from the diagonal elements of the sparse matrix and are numbered
1 through n corresponding to diagonal elements of rows 1 through n. Now we
could represent the incompatible table as a table consisting of (n-1) columns,
where each column i has (n-i) elements. Columns of the table correspond to
pivot clements of the matrix. Column one of the table, corresponding to
pivot number one, is set to the bit vector resulting from oring row and
column one of the matrix B and keeping the last (n-i) elements. The same
process is repeated for pivot 2 (column 2 of the table), for the submatrix
obtained from the original matrix with row and coluimn one climinated. For
every column of the table that is completely construeted, the corresponding
row/column of the matrix is eliminated. The process is repeated for all pivots
in order. It is important to note that the incompatible table is constructed for
a given ordering of the sparse matrix. Thus, there are n! different incompati-
ble tables for n! possible diagonal orderings of an n by n sparse matrix. In
what follows, we represent the incompatible table as an array of dimension n,
say tmptbl(n), with elements of the array being sets of at most n elements
cach. Each set corresponds to a column of the table. As an illustrative exam-
ple. the incompatible table for the matrix Al of Fig. 1.1.a is given in Fig.
1.1.b.

The maximal compatibles are found by combining the pivot-pairs from
the incompatible table into larger groups with compatible elements. Several
svstematic approaches for extracting the maximal compatibles have been sug-
gested, and they all use an exhaustive search routine. The one approach that
seems (o be more suitable for programming on a digital computer is one that
assumes nitially that all pivot candidates can be grouped into one set. Then




1 2 3 4 5 6 7
1 | x
2 X X
3 X X X X
{ X
5] x X X
6 X
7 X S ¢ X
Matrix Al
Fig. 1.1.a
, 2
3 X
4
5 | x X
6
7 b X ]

Incompatible Table
Fig. 1.1.b

the information from the incompatible table is used for contradictions and
splitting the groups where necessary. This procedure involves searching a
binary tree. Initially, it is assumed that all pivots are compatible. They are
agrouped in one set consisting of all pivot elements. This set will be at the
root of a binary tree, level zero. Next, the set of pivots incompatible with
pivot number one, obtained from the incompatible table, is used to split the
set af the root into a left and a right set, constituting level one. The left set
consists of all elements of its parent set at level zero, except those incompati-
ble with pivot one. The right set consists of the same elements as the start-
ing set (parent set), except pivot one itself. At the next step, the incompati-
ble information for pivot number two, is used to break each set at level one
into a left and right set for level 2. Furthermore, since the matrix is sparse,
some of the sets at a given level will not split into smaller sets for some pivot-
ing clements, but they may still consist of incompatible clements and will
spht for some later pivots. Consequently, the binary tree corresponding to
this scarch will not always be a dense tree. This process is repeated until no




more splitting of the sets is possible. The leal sets are then checked and
every set included in a larger leaf set is climinated. The remaining sets con-
stitute all possible maximal compatibles. Note that the length of & path from
the root to a leafl could be at most n.

The above process is shown for the example matrix of Fig. 1.1 in Plig 1.2.
Initially, pivots number 1 through 7 are grouped together as the starting set.
Column one of the incompatible table indicates that pivot 5 is incompatible
with pi\n( one. Thus the starting set is split into two sets (1,2,3,4,6,7) and
(2.3.4,5,6,7). At the next level, these two sets are broken into four sets, each
using th(' incompatibility information for pivot number two from the table.
This process is continued until no more splits are possible. At the end, the

[1,2,3,4,5,6,7]
(1.2.371,6,7] (2,3,1,5,6,7]
/\
no/[\s,] 25,0 [3,4,5,6,7]
/\
[1.3.07]  [1,14,6,7) 3.4,7)  [1,5.6.7]
b ¢

,5,6]  [4,6,7]

Binary Tree Search to Obtain
the Set of Maximal Compatibles

Fig1.2




extra sets (3,4,7) and (4,6,7) which are included in the maximal sets (b) and
(¢) respectively, are eliminated. The remaining five sets are the maximal
compatibles.

A high level description of the above procedure is given below:

procedure MAXCOMP (sset i)
Assumptions:
- pivot candidates are numbered from 1 to n.
- initially sset consists of all pivots in the matrix and
i1s the first pivot.
while i<n do
begin .
(*split sset into left and right sets*)
Iset = sset - impthl[i]
rset = sset - [i]
if {Iset not a compatible set) then
maxcomp(lseti+1)
if{rset not a compatible set) then
maxcomp(rset,i+1)
end

In the above procedure, many branches do not need to be continued to the
completion of the search, since they are included in other subtrees. More-
over, as will be deseribed later, we only need to produce compatible sets of
maximum size. Thus, there are many branches in this tree that could be
trimmed to limit the amount of search. Even including these features, this
algorithm has exponential complexity, and only serves to obtain information
about sparse matrices.

,
To study the issues discussed earlier, a PASCAL program was written to
perform symbolic L/U decomposition on a sparse matrix. Our objective was
to study the cffeets of parallel pivoting so the program performs the decom-
position to the last parallel step and does not continue if parallel pivot candi-
dates are not available. The structure of the program is outlined helow:
program PIVOTSET
- Read in input matrix and constrict matrix structure.
-Construct all maximal compatibles.
-if parallel pivoting is not possible go to stop
-Pick a set of compatible pivots to be processed
in parallel.
-Permute the matrix according to the parallel pivots for this step.
-reduce the matrix and insert the resultant fill-ins.
-Repeat.
-Stop.




Analysis Performed

In general, in matrices arising from circuits there are many different sets
of compatible pivots of equal maximum size. Depending on how a <et is
chosen to reduce the matrix at each step, we obtain a different behavior in
generation of fill-in elements, and as a result, different possibilities for con-
tinuing parallel pivoting in the next steps. The issues of generation of fill-ins
and parallelism in pivoting have been studied. We used different strategies
to select a set of compatible pivots and then obtained statistical information
from some circuit matrices generated from the SPICE circuit simulation pro-
gram.

The Markowitz criterion [11] is well known for minimizing the generation
of fill-ins in sparse matrices in sequential programming. It is based on the
fact that at step k, the maximum number of fill-ins generated by choosing a
as pivot is (r.—=1){c.=1) . Here r.— 1 is the number of nonzero clements nllu)r
than a_ in the :—[h row of the reduced matrix, and ¢.—1 is the number of
nonzero clements other than a. in column j of the reduced matrix. Mar-
Kowitz selects as pivot element at step kK, the element which minimizes
(r,— l)(r}— 1). The product (r;=1){c;—1)is the Markowitz number of clement
a.. . In what follows, we use the Markowitz idea as a basis for the selection of
a compatible pivol set.

In our first analysis we campare two different strategies for choosing o set
of compatible pivots among all maximal compatibles. In both cases we con-
sider only the sets of maximum size. The first strategy (called Narkowitz
sum) chooses that set among all sets of maximum size in which the sum of the
Markowitz numbers of all its elements is minimum. The problem here s that
some of the pivots in the set chosen for reducing the matrix may genepate
fill-ins in the same positions, and thus we overestimate the Markowitz count
for a purely sequential case. As an alternative, a second strategy is employed
(called Ored Markowitz). Here, using the boolean matrix B corresponding to
the sparse matrix under consideration, we count number of nonzeros in a vece-
tor that is the result of ORing rows of pivot candidates in the set and mulu-
ply this number by the number of non-zeros in a vector resulting from ORing
columns of the potential pivots.

Comparison of the above strategies on our test cases shows that the first
method is almost always superior. Our results show that, in general, by
minimizing the Markowitz sum we always get fewer fill-ins generated and
often more rows are reduced in parallel steps. This study has shown that the
amount of parallelisim in circuit matrices is quite high but that the generation
of fill-in terms is also quite high in most cases when compared to the sequen-
tial runs on the same matrices. The number of potential pivots to be pro-
cessed in parallel at each step seems to be so high that we could process fewer
pivots in parallel in a step without limiting the parallel work considerably.
An experiment to study this possibility is performed by picking the maximum
sized set with minimum Markowitz sum as was explained above. This set is
then used to reduce the matrix, with the following analysis performed on the
set of compatible pivots.




-Discard the pivot with maximum Markowitz count and determine
number of fill-ins that would be generated as a result,

-Repeat the above procedure until no more pivots can be discarded
from the set, either because the set size is too small or because

all Markowitz sums are zero.

Although the above analysis of reducing the size of the set of compatible
pivots was done for ecach step, the actual elimination and fill for a step was
done using the maximal compatible with lowest Markowitz sum.  This
analysis is repeated at each parallel step and the results show that it is possi-
ble to decrease the generation of fill-ins at this step significantly by reducing
the amount of parallel work slightly. In fact, discarding only one compatible
pivol results in a decrease of at least about one third in the number of fill-ins
that would be generate ] otherwise.

We performed this analysis over all generated sets of compatible pivots
also. In this experiment, we chose maximum sized set with minimum Mar-
howitz sum and used it for reducing the matrix as desceribed below:

- for all sets of maximum size do
find the pivot with maxtmum Markowitz count and
remove from the set,

- find the set of mavimum size and minimum Markowitz sum
and determine number of fitl-tns that would be generated
from the processing of this set.

- repeat the above process.

Similar results were obtained by applying the above two procedures to our
test matrices. Henceo we will use the first method for the next phase. Fhat is,
the next analvsisis performed on the set of maximuin size and minimum Mar-
Kowitz sum.

Even though the above experiment shows we can always generate fewer
fill-ins at a step by avoiding the maximum possible parallelism, it does not
indicate that this will not delay the generation of fill-ins to later steps. In our
next experiment, we choose the maximum sized set with minimum Markowitz
sum, but this time we discard the pivot with maximum Markowitz count
from the set and use the resalting set for ehmination and il generation. We
will also repeat the previous analvsis by reducing the set size and determining
amumber of resulting fill-ins. This work confirms our previous result that by
discarding some of the parallel pivot candidates according to their high Mar-
kowitz count we decrease the total generation of fill-ins.

Results of Complete Analyses

A set of circuits to be simulated by the SPICE circuit simulation pro-
gram is available as a benchmark to test SPICLE. We used these circuits as
input to SPICE and generated their corresponding matrices. These matrices
are used as test cases for analysis purposes. The first circuit is a simple
differential pair and generates a 16 by 16 matrix with 57 nonzeros. The
matrices are of small sizes and the size range is between 12 by 12 to 24 by 24.
The complexity of our algorithm to generate all possible maximal sets of com-
patible pivots would not allow us to test larger matrices, but the generated




imformation  produces valuable statisties about paraliclisin and  circunt
matrices. An algorithm with telerable complexity to produce a set of compa-
tible pivots will involve heuristics; therefore, it will not give total informna-
tion about the matrix.

The results of comparison of Markowitz sum and Ored Markowitz stra-
tegies are st.nmarized in Table 1.1 (tables are provided in appendix A at the
end of this paper). The first column describes the circuit, the order of the
matrix, and number of nonzeros. The second column indicates the parallel
pivoting step. Columns 3 to 5 correspond to the Markowitz sum strategy
desceribed earlier, and columns 6 through 8 correspond to Ored Markowitz,
The first column for each algorithm is the size of the maximum set of pivots
obtained at a step, the second column s the minimum operation count
obtained for such a set, and the last column specifies the number of fill-ins
that are generated as the result of processing the indicated set. Column 9
imndicates the total number of maximal compatibles generated ut each step.
The last two columns are information generated by the SPICE program
about the amount of fill-in generated and the percentage of the matrix which
Is zeTo.

As can be seen from the table, in every case the second strategy resulted
in cqual or more fill-ins and equal or fewer parallel steps with fewer number
of rows reduced. This indicates that the Markowitz sum is a better heuristic
for selecting the set of pivots among many sets. This can be observed from
the 16 by 16 matrix of the differential pair circuit. In the first step, with sets
of size six, Markowitz sum generated 6 fill-ins while Ored Markowitz gen-
erated 8 The pivot set chosen by the Markowitz sum generated fewer fill-ins
than the Ored Markowitz algorithm, and, as can be seen, the Ored Markowitz
resalted in twice as many fitl-ins as the Markowitz sum and fewer pivots Were
processed in parallel (14 for Ored Markowitz and 15 for Markowitz sum).
The same behavior resulted from the ECL compatible SCMITT trigger circuit
which produced an 18 by 18 matrix. The number of fill-ins at step 2 of paral-
el triangulation is 10 for Ored Markowitz and only o for the Markowitz sum
with none being generated in the next steps. Ored Markowitz generated
more fill-ins at step 3 and was not able to find any more parallel pivot candi-
dates, but the first strategy continued to do one more parallel step. Of
course, there are cases where both strategies produced similar or close results,
as can be seen from the table. The table also indicates that, in parallel runs.
generation of fill-ins 1s much higher than in sequential runs of the SPICE pro-
gram. At the same time it can be seen that the matrices generally do not
become dense rapidly, and parallel pivot candidates are available to almost
the very last steps of the triangulation process.

The result of our next analysis is shown in Table 1.2. At each step, a set
of maximum size and minimum Markowitz sum is selected to reduce the
matrix. Fuithermore, from this set we repeatedly remove a pivot with max-
imum Markowitz count and compute the number of fill-ins that would be
generated if this set were used to reduce the matriy. As can be seen from the
table, in every case it is possible to reduce number of fill-ins significantly by
reducing the amount of parallelism slightly. For example, for the 16 by 16
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matrix with 57 nonzeros, we can see that if we reduce the number of compati-
ble pivots from 6 to 1 by reinoving the two pivots with highest Markowitz
count from the set, we can prevent generation of more fill-ins. Also in the
last 24 by 24 matrix with 158 nonzeros, we can reduce the number of gen-
erated fill-ins by a factor of 2 (from 40 to 20), if we discard two pivots in step
one in the same fashion. This is a general result that can be observed from
the table for all cases and all parallel steps.

In the next experiment we confirm that it is possible to reduce the total
generation of fill-ins. as opposed to just at each step , by using fewer than the
maximum number of compatible pivots. In every case we have been able to
reduce the total number of fill-ins by some fraction (at least about one third).
compared to the case where maximum parallelism was cmployed . These
results are summarized in Table 1.3. Here we chose to discard a pivot from
the maximal compatible set according to its highest Markowitz count. If the
maximal set wouid not generate any fill-ins, because of a zero Markowitz sum,
we did not diseard any pivots from the set. The total number of fill-ins gen-
erated for the first matrix (16 by 16) i1s 2 which is one third of the amount
generated with our first expertment (6). This number was reduced from 40 to
26 for the case of the 21 by 24 matrix with 151 nonzeros. In this case the
number of paralle] steps was increased from 5 to 6, huat the total number of
rows that could be reduced in these steps reminined constant. In fact, in maost
cases, the number of parallel steps s inereased. but the total number of
pivote that could be processed in these steps does not change mueh (no
change is greater than one addition or reduction in the number of reduced
Tows),

Generation of Compatible Sets from the Incompatible Table

It is clear that in large sparse circuit matrices the number of possible
pivats to be processed at each step will be much higher than our smal' exam-
ple matrices, and therefore, it will be possible to obtain enough parallel work
by just considering a sub-maximal set of compatible pivots at each step. The
algorithm deseribed involves a complete hinary tree scarch and has exponen-
tial co iexity in the order, n. of the sparse matrix. In order to come up
with a .od heuristic, we need to relax the requirement of finding the maxi-
mai < f compatible pivots with minimum Markowitz sum. As a conclusion
from the arove analysis, we will have to reduce the size of the set to decrease
the gene~iton of fill-ins. Keeping these problems in mind, an acceptable set
woutl be one which has a large number of pivot candidates for parallel pro-
cessing and a low enough Markowitz sum. We now need to look for a pro-
cedure which tends to produce a number of compatible sets of reasonably
[arge size and low Markowitz sum. Having generated such sets, we can then
choose the best candidate among these compatible sets using the same cri-
teria as before. In what follows, we will describe different issues which will
lead us to a good heuristic algorithm and a set of parameters to be used in
trading off hbetween fill-in generation and the size of the set of parallel pivot
candidates.
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So far. the information from the incompatible table has been used to
construet the maximal compatible sets of pivots in a complete binary tree
search algorithm. A more careful analysis of the incompatible table could
provide a set of compatible pivots without the nced for scarching the tree.
As we know, this table gives information about the incompatible pairs of
pivots. In other words, by looking at column i of the table corresponding to
pivot i, we obtain all pivot numbers j>i where pivot j is incompatible with
pivot i. for a given ordering of the matrix. Note that we are assuming pivots
are taken from the diagonal of the matrix and they are numbered 1 through n
corresponding to rows 1 throngh n of the matrix. Consequently, if column i
of the table is null, then the corresponding pivot number i is compatible with
every pivot whose corresponding column ies to the right of column 1. Hence,
by scanning the incompatible table, we can find a set of compatible pivots
whose corresponding columns in the tabie are null. Clearly, pivots with such
a property are compatible and can be grouped in a compatible set. Using the
representation of the incompatible table deseribed earlier, the above pro-
cedure can be formulated as:

scan smptbl from right to left
for each column i of tmptbl do
o AL imptbl i< empty) then
(*add the corresponding pivot to the set of compatibles*)
compset = campsetl + {i]

where compset is the set of compatible pivots whose corresponding columns
in the table are null. Now if there exists a pivot k such that the set of pivots
incompatible with it in column k of the table, is disjoint from the set of
already constructed compatible pivots in compsel | then kis compatible with
every pivot in compsel . Thercfore, we can expand compsel by adding k to it.
The above procedure can now be completely deseribed as:

scan impthl from right to left
for each column i of fmptbl do
begin
if ( fmptbl. (Y compsel i empty) then
(*add [i] to the set of compatibles*)
compsel = compsel + |i]
clse
delete row 1 of rmptbl
end

The compatible set, compsel , produced by this procedure, will he referred to
as an ordered compatible set from now on, since it is obtained by imposing a
specific ordering on the diagonal elements of the matrix to get the incompati-
ble table. As an example, the incompatible table of matrix A2 in Fig. 2.1.a is
given in Fig. 2.1.b. The compatible set corresponding to the null columns of
the table consists of pivots 10 and 11. This set consists of 2, 10, and 11 after
the above expansion.

As was explained previously, our strategy for selecting a compatible set
among all possible compatible sets of equal maximum size was to seleet the
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1 2 3 4 5 6 7 & 9 10 11
1 X
2 X
3 X X X
4 X X
5 X X X
6 X X
7 X X X X
] X X X X
9 X X X X
10 X X X X X
11 I X X X X X
Matrix A2
Fig. 2.1.a
' 2
3
4
5 X
6 X X
v X
8 X X
9 X | N | x
10 XN x| x \
T | x X x | x Ix|x J
2 3 4 5 6 7 &8 9 10

Incompatible Table
Null columns: (10,11)
Compset: (2,10,11)
Fig. 2.1.b

one with minimum Markowitz sum. That is, to sele-t the set in which the
sum of Markowitz numbers of the pivots in its set is minimum. If we consider
the set of compatible pivots'constructed above directly from the incompatible
table, we see that it consists of pivots 2, 10, and 11, which in turn have Mar-
kowitz numbers 0, 4, and 12. In general, we would like to have a compatible
set consisting of pivots with as low Markowitz numbers as possible. It is also
clear that pivots with low Markowitz numbers generally have fewer incompa-
tibilities. Morcover, by looking at the incompatible table of Fig. 2.1.b, we sce
the compatible pivots 10, 11 are obtained from the right cnd portion of the
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table. This is usnally the case, since as we construct columns of the incompa-
tible table, we are left with a smaller submatrix to work with., Thus<, after
completing each column, we have fewer incompatibles left for the construe-
tion of the next column. These observations lead us to use a different order-
ing in which the first column of the incompatible table has the maximum
number of incompatibles and as we work our way to the right end of the
table. the number of incompatibles will decrease to the minimum. Such an
ordering implies the resulting incompatible table will have more null ¢clumns
clustered at the right end. So the ordered compatible set that can be con-
structed from the ordered table will be of a larger size and smaller Markowitz
sum than the results of the ahove procedure. As a result of these arguments,
we sort the pivots in order of decreasing Markowitz numbers. Using this new
ordering. we can construct a new incompatible table with the first column
corresponding to the pivot with highest Markowitz number and the last
column corresponding to the pivot with lowest Markowitz number. As an
example, the Markowitz numbers and the new ordering of the pivots are
shown in Fib. 2.2.a for matrix A2 of Fig. 2.1.a. The corresponding ordered
incompatible table is given in Fig. 2.2.b. It can be seen from Fig. 2.2 that
the collection of pivots corresponding to null columns of the table gives a
compatible set of size 4 and Markowitz sum 1 consisting of pivots 1, 2. 3, and
1. This is in comparison with set of size 2 and Markowitz sum 16 generated
from the unordered fncompatible table of Fig. 2.1.h. After expanding this
set. we produce a compatible set of size 5 and Markowitz sum 16 consisting of
pivots 1,23 4 and 9.

LLimited Binary Scarch Tree

In this section, we will combine the idea of an ordered compatible set
with the tree search algorithm described earlier to obtain a limited ftree

Pivot l\;\:;rkomlz Order
umber
1 0 9
2 0 11
3 2 R
4 2 6
5 2 10
6 4 7
7 3 3
8 9 4
0 12 5
10 4 1
11 12 2
Fig. 2.2.a
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11 | x

f | X

6 | x

10 | x X | x

7 1 x

3 X

: | X | X X

5 X X

1 X ' X

2 X _]

9 11 & 6 10 7 3 4 5 1

Ordered Incompatible Table
Null coluvmns: (1.2.3.1)
Compset: (1,2,3,1.9)
Fig. 2.2.h
search algorithm which produces an aceeptable set of compatible pivots for
reducing the matrix. Given a set of all pivot elements, we ean now directly
produce a set of compatible pivots from the ordered incompatible table. This
ordered compatible set is obtained for the initial starting set at the root of
the binary search tree. A child set in the tree is a subset of ite parent set. In
this context. every set at any given point in the tree has fewer pivots than
the root set. Such a set could be considered as a starting set itsell. Provided
we could produce the correct incompatible table for this set, we could gen-
erate its corresponding ordered compatible set directly from the new table.
The incompatible table for a given starting sect, S,, is the original table
with those rows and columns corresponding to the pivots absent from S,
eliminated. If we let S be the initial set of all pivot candidates in the sparse
matrix and S; be an arbitrary starting set in the tree , then the procedure to
obtain the ordered compatible set for S, , compsel. ., from an updated and
ordered incompatible table can be represented as:
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1. compsel. = emply

2, less = §-§,

3. for) = n down to 1 do

1 begin

5. if (je S, )then

6. begin

7. tempsel = implbl}. — less

8 tempsel = lempsel () compsel.
9. if { tempset=empty ) then
10. compsel, = compsel. + [j]
11 end )
12. end

where less is the set of pivots absent from S. Line 5 allows only thuse
columns of the incompatible table whose corresponding pivot jis in S, to be
tested for the compatibility relation. Set less is used in line 7 to climinate
rows corresponding to the absent pivots in S,. compsel holds the current set
of compatible pivots. A check for a new pivot being compatible with those
already in compsel, is made in line 9.

It is now possible ta produce an ordered compatible set for any sct at any
arbitrard point in the tree directly from the incompatible table. Given a
starting set, our method of producing an ordered compatible set tends to gen-
erate a large set of low Markowitz sum. Thus, we can produce a number of
ordered compatible sets for many starting sets at different points in the tree
and choose the best candidate among them to reduce the matrix. The follow-
ing theorem will eliminate of some of the redundant work.

Theorem :

All ordcred compatible sels derived from the starting sels in the binary
scarch tree with lerel L-1 or less are included in the ordered compalible sels gen-
erated from the sels al level L of the tree. (i.e.. it is only necessary lo gencrate
ordcred compalible sels for slarling sels al level L to cover those at level I<L.)

P'roof
Let S be the initial starting set at the root of the binary tree consisting
of all pivots. P...P . Let S5 S, be the left and right children of § . Let

compset be the ordered compatible set obtained directly from the incompati-
ble table for the set S . Similarly, let compsely and compset, be the ordered
compatible sets corresponding to Sy and S, respectively.

A pivot P,' can split a set S ifl:

[’J.t S and
{set of incompatibles with P, }N S # empty.

-
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Assume 1’). splits S inte: Sgand S then:

= q {sct of incompatibles with I’ } and
S =S-| P, ].

There are two cases to consider:

1 Pi not in compsel
The table corresponding to Sl consists of the same null columns and
compatible pivots as in compsel so:

compsel = compsel,. '

ii. I’. € compsel
Then we must have:

implbl, () compsel = empty
since P s com{mlil)lo with all pivots in compset . In this case, compset,
obtained from Sg is equal to compeel We know P s in the set S and
that the mcompnlll)lo table for Sy is the same as the table for the parent
set § with those rows and mlumnc corresponding to incompatibles of .
climinated. Thus, all the compatible information which resulted in pro-
duction of compsel is transferred from the parent set S to Sy and conse-

quently:

compsel = compsel,.

The above argument proves that, at level 1, one of the sets S or S, will
produce the same ordered compatible set as produced by its parent set. This
proof holds for any two children of a set. In other words, at any point in the
tree, an ordered compatible set corresponding to a parent set is reprodiced
by one of its children.

Induction on level verifies that generating the ordered compatible sets
for every set from the root through level L of the tree does not produce any
more information than producing the ordered compatible sets for every set at
level I only.

As a consequence of the theorein, we generate all the sets at a given level
in the binary tree, and for each set, we produce an ordered compatible set
from the ordered incompatible table. Among the generated compatible sets
we choose the set of largest size and lowest Markowitz sum to reduce the
matrix and call the the resulting set the elimination set.

If we note that we split each set at each level of the tree for a given pivot
according to its incompatibility information, then generation of the starting
sets at different levels conld be done in various ways:

i.  We counld split the starting sets using the original pivot ordering given by
the input sparse matrix. This would generate completely random
results_
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ii. The same ordering used to order the incompatible table could be used to
split the sets. This left to right ordering does not seem to agree with our
low Markowitz sum requirement. At each split (level in the tree), we
include one of the pivots, say p., with highest number of incompatibles
(highest Markowitz number) in the left subtree. This inclusion also
means we take a large number of pivots incompatible with p. out of the
sets in the feft subtree. These pivots that are incompatible with p. have
lower NMarkowitz numbers than p. and could themselves be compatible
with some other elements in the set. As a result, this ordering will pro-
duce a left set considerably smaller in size than the resulting right set.
Moreover, the left set contains pivots of high Markowitz number which
would produce many fills if used to reduce the matrix. Therefore, some
of the large compatible sets with small Markowitz sums cannot he gen-
erated from one of the sets in the left subtree unless we search very deep
in the tree. In this case, the desired compatible sets would be in one of
the right subtrees.

iii. A third alternative would be to split the sets with pivots in increasing
order of their Markowitz numbers. Of course, in this case, the incompa-
tibility information of the pivots used to split a starting set is taken from
the right end of the incompatible table. Thus the complete incompatibil-
ity information for a pivot i is obtained by concatenating the row and
column i of the table. This process, seems to give a better balance to the
binary tree for the first few levels used to generate the starting sets
required in our algorithm. Furthermore, it has the property that does
not ignore pivots of low Markowitz numbers.

The high level description of this algorithm is given below:

Program Parallel Pivoting

- caleulate Markowitz numbers of pivots in the
remaining unreduced matrix.

- SORT pivots in decreasing order of NMarkowitz numbers

- produce all starting sefs at level ULEVEL taking the
pivots to split the sets from the root to ULEVEL in
order of increasing Markowitz numbers,

- for each set at ULEVEL produce an ordered compatible set from
the updated ordered incompatible table.

- among the ordered compatible sets generated above choose the
maximum sized set with minimum Markowitz sum (Elimination set).

Here, ULEVEL is a preset level number indicating the depth of the tree to he
searched. The algorithm is no longer exponential in time. An efficient imple-
mentation of the required sort and set operations are important factors in
cfficient execution of the algorithm. The set operations used in the construe-
tion of the incompatible table are of order 1 (adding an element to the set or
a test for membership). The incompatible table can therefore be constructed
in time nz, where nz is the number of nonzero elements of the matrix. Gen-
eration of an ordered compatible from the incompatible table requires scan-
ning n sets corresponding to the columns of the table, and performing inter-
section and_difference operations on the sets. These operations are of order n
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with a constant factor equal to the inverse of the number of bits per com-
puter word. The set operations are usually implemented in machine Ianguage
or micro code and thus have a small time factor. They could be considered to
have a constant time (rather than order of n) compared to the time taken to
execute a high level language statement. Production of all starting sets for
level ULEVEL takes a constant time. Generation of an ordered compatible
for cach starting set at ULEVEL takes a constant times n as explained above.
For reasonable values of ULEVEL, all ordered compatible sets can be derived
in parallel for different starting sets. In the next section we will see that good
results are obtained for small, constant values of ULEVEL compared to u.
The complexity of the algorithm is bounded above by the sorting algorithm.
Thus, employing an eflicient parallel sort would improve the performance of
the new algorithm.

Balance between Parallelism and Fill-in Generation

Even though the above procedure tends to produce large sets of low Mar-
kowitz sums, we still could optimize the generation of fill-ins by considering a
cubset of the elimination set. That is, there could still be some room for trad-
ing off between parallelism and fill gencration. To accomplish this task, we
need to ¢ome up with parameters to control the number of pivots to be pro-
cessed in parallel and the number of fills to be generated. One such parame-
ter conld be the size of the set of compatible pivots. By allowing a percentage
of the set to be discarded, we can control the the number of compatible
pivots to a degree that does not limit our parallel work by too much. For
clarity, this parameter is called the shrinkage parameter and is used as a
lower limit to shrink the elimination set by a percentage of its size. A
different parameter could be an upper limit on the size of the elimination set.
This limit would allow just enough work to keep our parallel processes busy.
Of course shrinking of the elimination set must not be done arbitrarily by
throwing pivots out of the set. In general, we would like to shrink our set by
discarding pivots that would cause generation of many fills. Such pivots tend
to have high Markowitz numbers. We already have pivots ordered according
to their Markowitz numbers. We could use this ordering to scan pivots with
highest Markowitz number in the elimination set and test against a threshold
value. If pivots with Markowitz numbers greater than a threshold exist and
if our shrinkage parameter allows, they are discarded from the elimination
set. Use of a threshold value will allow us not to shrink a set thai consists of
all good pivot candidates of reasonably low Markowitz numbers. To serve
this purpose, the threshold value should be set in comparison with low and
high Markowitz numbers of the pivoting elements in the matrix. Again the
ordered Markowitz numbers of pivots can be used to set such a threshold
value convenicntly. One way is to specify a fraction of candidates to be dis-
carded from the climination set. Consequently, we set the threshold to the
Markowitz number of a pivot in a specific position in the list of pivot ele-
ments of the unreduced matrix (ordered by decreasing Markowitz numbers).
Any pivot above this point in the ordcred list is considered to have a high
Markowitz number and therefore is a candidate for being discarded from the
set, and any pivot below this point is considered acceptable.
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Pivots in the elimination set are scanned in order of their highest Mar-
kowitz number. If a pivot with Markowitz number greater than the thres-
hold exists and if the set is not already of minimun size, it is discarded from
the set. The process is repeated until cither no more pivots of large Mar-
kowitz numbers are left in the set or the set cannot be further shrunk. In the
next section we present the result of different strategies and various parame-
ters discussed here for a number of test matrices.

Analysis of the Results

The complexity of the binary tree search algorithm to obtain maximal
compatible sets was such that it could not be run to completion for a 38 by
38 matrix. To verify the validity of our heuristic program, we performed
every analysis deseribed in this section on the small test matrices of Table
1.1. Recall that the new algorithm prodiuces a number of starting sets for a
given level (ULEVEL) of the binary search tree. For each starting set, an
ordered compatible set is produced. Among the generated ordered compati-
ble sets, the set with maximum size and minimum Markowitz sum is selected
as the climination set at that parallel step. Two alternative orderings for
generation of starting sets at ULEVEL were discussed carlier. For simplicity,
we ceall the algorithm to reduce a sparse matrix by compatible pivots using
the decreasing order of Markowitz numbers for starting set splitting,
DCOMP. Similarly, the algorithm which uses the increasing order of Mar-
kowitz numbers is called FCONP.

Detailed information produced by DCOMP and ICOMP are presented for
three sparse matrices in Table 2.1. Column one of the table gives a descrip-
tion of the sparse matrix under consideration. Column 2, specifies the paral-
lel step. Columns 3. 4, and 5 give the number of compatible pivots in the
climination set, its Markowitz sum and number of fill-ins generated at cach
step for program DCOMP. Similar information is summarized in the next
three columns for program ICOMP. The information presented here is for
ULEVEL=4. The first two matrices have been completely analyzed in the
previous section and are presented here to show the validity of our proposed
algorithms. It is interesting to see that, for the first matrix, DCOMP pro-
duced exactly the same results as the complete tree search program. On the
other hand, ICOMP produced different results. Even though ICOMP pro-
duces a smaller compatible set in the first step. it finds larger sets in the next
steps and reduces the same number of rows (i.e., 21) in five parallel steps.
[COMP generates 22 fills, almost half the number produced by DCOMP (-10)
or even the complete binary tree search algorithm (40). The same behavior is
observed from the second 24 by 2.4 matrix. The third matrix is obtained from
the cirenit of an &bit full adder and is a 144 by 144 matrix with 616
nonzeros. Note that both algorithms produced an elimination set of 72 pivots
in the first step, and so, half of the matrix can be reduced in parallel in one
step. In this case the advantage of ICOMP over DCOMP is not significant.

To sce how variation of depth will affect the resulting compatible sets,
we ran both programs for values of ULEVEL between 2 and 5, for a number
of matrices. These results are summarized in Table 2.2, Again the first
column -describes the matrix. The second column specifies ULEVEL.
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Columns 3 ta 6 give related information for the DCOMP program. lere the
first and the third columns specify number of parallel steps taken to reduce
the matrix and number of rows reduced in those steps, respectively. The
second column is the average parallel work at each step and is obtained by
dividing total number of rows reduced in parallel by the number of parallel
steps. The fourth column gives the total number of fill-ins generated by
parallel reduction. The next four columns of the table provide similar infor-
mation for the ICOMP program. The last two matrices of the table are pro-
duced from the SPAR program, which is a structural analysis program [12].
These two matrices have a peculiar block structure. Our initial objective was
to study sparse matrices arising from SPICE. These matrices ordinarily have
a random sparsity structure, but at the'same time, the limited connectivity
hetween nodes of the input circuit results in a limited number of nonzeros per
row/column. The SPAR matrices will provide some insight into the behavior
of our heuristic algorithins for a wider class of matrices.

It is clear from the table that, in almost every case, ICOMP produces
better results both in terms of number of rows reduced in parallel and
number of fill-ins generated. As was expected, DCOMP finds elimination sets
of lower Markowitz sums as we search deeper in the tree. This is observed
from the first 24 by 24 matrix and from the Iast SPAR generated 505 by 505
matrix. In the first matrix, ICOMP produced IR fills, reducing 21 rows in 5
paraliel steps, while DCOMP generated more than twice the number of fills
and reduced 20 rows in 5 steps. The number of fills decreases for DCOMP as
ULEVEL is increased, while ICOMP takes the opposite direction. This also
shows that reasonably acceptable compatible sets, both in terms of size and
Markowitz sum. are generated for small values of ULEVEL and it is not
necessary to search very deep in the tree. The above observations hold for
every matrix presented in the table, except the 78 by 78 matrix produced by
the SPAR program. This matrix does not have characteristies typical of
SPICE generated matrices; but, as we will see in our next analysis, aceeptable
results are produced for this matrix as well. Note that there are cases for the
DCOMP program in which a higher average parallelism is indicated in the
table than for ICOMP. In those situations, it is often the case that fewer
rows have been reduced by DCOMP than by ICOMP.

The remaining analyses are performed on the ICOMP program only,
since it produces better results. In what follows, a value of 4 is used for
ULEVEL. The next step is to study the cffects of varying the parameters pro-
posed earlier to obtain a balance between generation of fill-ins and the
amount of parallel work. Results are summarized in Figures 2.3 to 2.6 for
four of the matrices of Table 2.2. In these graphs, four different symbols are
used to represent four different values of the threshold parameter. Recall
that the threshold is set to the Markowitz number of a specific pivot in the
ordered list of pivot candidates. On the graphs, the threshold value is given
as a fraction of the pivoting elements in the remaining unreduced matrix,
ordered in order of decreasing Markowitz numbers. For example when the
threshold is 1/3. the Markowitz number of the pivot residing in the 1/3 point
of the ordered list of pivot candidates in the unreduced matrix is obtained.
Any pivot in the climination set with Markowitz number greater than this
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value is a candidate to be discarded from the set.

The graphs present information about the number of generated fill-ins
versus the shrinkage parameter. In each case, the analysis is performed for
threshold values of 1/10, 1/3, 1/2, and 2/3. For every value of the threshold,
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compatible sets consist of pivoting elements of lower Markowitz numbers
than the highest one tenth. These graphs show more variation with the
threshold parameter, even though a higher number of fill-ins is produced.
Without exception, the fewest fill-ins are produced for the largest values of
the threshold and the shrinkage parameter.

The number of fill-ins produced by JCOMIP compares reasonably with
sequential runs on the same matrices. For example, the sequential run on the
&-bit full adder matrix produced 166 fills, and ICOMP produced 196, which is
an increase of about 18%. In general, as expected, the number of fill-ins pro-
duced by JCOMP is higher than the sequential results, but the difference is

not great.

Conclusion

Solution of sparse systems of equations is essential in many application
programs. Often such a system has to be solved repeatedly. In this paper we
verified that in sparse matrices arising from electronie circuits it is possible to
do computations on many diagonal elements simultaneously. A complete
analysis of some test matrices, done by generating all maximal compatible
sets of pivot elements, indicated the existence of many compatible pivots in
these matrices. We have shown our test matrices do not become full during
the decomposition. Furthermore, it was shown that many parallel computa-
tion steps are possible, and during these steps, the matrix is often reduced
completely. The competing issues of parallel pivoting and fill-in generation
have been studied, and we verified through examples that it is possible to
reduce the production of fill-ins by removing some of the parallel pivot candi-
dates from the climination set on the basis of high Markowitz numbers. A
heuristic algorithm was then proposed to produce large compatible scis of low
Markowitz sums by a combination of an ordered partial tree scarch strategy
and generation of ordered compatible sets. Different orderings to produce the
ordered compatible sets were suggested, and their advantages and disadvan-
tages were discussed and verified through the simulated results. A number of
parameters to provide a balance between generation of fill-ins and the
amount of parallel work were suggested, and their e¢ffects were determined in
the simulated results,

The incompatible table required by the algorithm can be constructed in
time nz (number of nonzero elements of the matrix). Production of starting
sets for a given ULEVEL takes a constant time. For ULEVEL small and con-
stant compared to n, generation of ordered compatibles from starting sets is
of order n set intersection and difference operations. Assuming cfficient
implementation of the set operations is available, the heuristic algorithm has
a complexity bounded above by the sorting algorithm required in the pro-
gram. Thus, employing an efficient parallel sort program would improve the
total performance of the new algorithm. Nevertheless, our results show that
many compatible pivots are produced for parallel reduction of the sparse
matrices, and the process can be repeated until the matrix is almost com-
pletely reduced. In cases where the matrix is not completely reduced, the
remaining submatrix is of such a small size that parallel operations have little
effect. Significant reduction in generation of fill-ins is obtained by varying
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the proposed parameters. Moreover, as the result of these parameters, a
better balance between the number of compatible pivots generated at
different steps was achieved, while the reduction in parallel work proved to

be imsignificant.




[6]

[7]

(8]
(9]
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Parallel Pivoting Strategies

Matrix  |Step] Markowitz Sum Ored Marlowitz |No.of SPICE
NO.of| OP [NO.of {NO.of] OP [NO.of] Sets jFill-in] €6
Pivots |Count |Fill-in |Pivots |Count |Fill-in Sparse
Differential | 1 0 23 6 6 48 8 59
Pair
2 4 4 0 4 15 4 14
16by 16 | 3 3 5 0 2 | o 0 q
Nz 57
4 2 2 0 2 2 0 1
total 1 15 6 14 12 0 80.27
Caseaded, 1 5 12 6 5 24 0 24
RTL
Tuverter 2 4 R ! 1 9 9 !
12by12 [ 3 2 | 2 0 2 ! 0 1
Nz 34
total 3 11 10 11 10 0 790.88
ECL | R 39 10 8 80 16 122
Compatible
SCHMITT | 2 14 18 4 1 30 10 16
Trigeer
3 2 8 0 2 10 4 6
18 by IR
N7 66 4 2 5 0 2
total 4 10 20 14 30 6 R0.05

TABLE 1.1
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Parallel Pivoting Strategies

Matrix |Step| Markowitz Sum Ored Markowitz [No.of SPICE
NO.of | OP |[NO.of {NO.of| OP |NO.of | Sets |Fill-in] e
Pivots |Count |Fill-in |Pivots | Count |Fill-in Sparse
MOS 1 4 0 0 1 0 0 20
Memory
Cell 2 4 0 0 1 0 0 6
13by 13| 3 3 6 2 3 1 2 3
Nz 47
total 3 11 2 11 2 0 70.02
MOS 1 8 169 30 8 150 36 173
Amplifier,
AC/DC 2 ) 117 4 3 61 4 12
3 3 0 0 3 0 0 5
24 by 21
Nz 151 4 3 0 0 3 0 0 4
5 2 13 0 2 9 0 3
total 5 21 10 21 40 10 | 73.76
MOS 1 R 178 40 R 156 40 149
Amplifier
Transient { 2 4 91 4 1 72 1 14
3 3 0 0 3 0 0 )
21 by 21
Nz 158 4 3 0 0 3 0 0 4
S 2 25 2 2 10 4 3
total 5 20 46 20 48 22 71.20

TABLE 1.1
Continued




31

Fill-in Statistics

Matrix | Step | Set size | OP.Count | Fill-in
16by 16 [ 1 6 23 6
Nz 57 5 14 2
4 5 0
2 4 4 0
3 3 5 0
: 4 2 2 0
12by 12 | 1 5 12 6
Nz 34 4 8 4
3 4 2
2 0 0
2 4 8 4
3 | 2
2 0 0
3 2 2 0
18 by 18 1 8 39 16
Nz 60 7 30 10
0 21 6
5 12 2
1 g 0
2 1 18 4
3 9 2
2 0 0
3 2 g 0
4 2 5 0

TABLE 1.2
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Fill-in Statistics

Matrix | Step | Set size | OP.Count | Fill-in
13by 13 | 1 1 0 0
Nz 47 2 4 0 0
3 3 6 2
2 2 0
20by 24 | 1 8 169 30
Nz 154 7 120 24
6 g4 1R
) 59 10
4 34 6
3 18 2
2 9 0
2 ) 117 4
4 08 0
3 3 0 0
4 3 0 0
5 2 13 0
21 by 24 i & 178 40
Nz 158 7 129 28
6 a3 20
) GR K]
4 43 8
3 18 4
2 9 2
2 4 91 i
3 55 94
2 3 0
3 3 0 0
4 3 0 0
] 2 25 2
TABLE 1.2

Continuned




33

PARALLELISM vs. FILL-IN

Matrix | Step | Max | Reduced | MAX OP | Reduced | Fill-in | Mrkowitz | SI'ICHE
Size Size Count OP.Count Sumn
16 by 16 | 1 6 5 93 14 2
Nz 57 2 5 1 13 : 0
3 4 3 6 2 0
4 2 2 0
total 4 14 2 6 0
12 by 12 ) 5 4 12 8 4
N7 34 2 4 3 R 4 2
3 3 2 6 2 0
{ 2 2 0
1o14) { 11 6 10 0
1R by 1R [ 8 T 34 30 10
N7 66 2 1 5 206 17 ()
3 3 2 11 0
4 2 2 0
total 4 16 16 20 6

TABLI 1.3
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PARALLELISM vs. FILL-IN

Matrix | Step | Max | Reduced MAX OP | Reduced | Fill-in | Markowitz | SPICE
Size Size Count OP.Count Sum
13 by 13 | 1 1 1 0 0 0
Nz 47 2 4 4 0 0 0
3 3 2 6 2 0
1 2 o 0
tot:l k| 12 0 2 0
26 by 21 | & 7 169 120 24
N7 154 2 5 4 a3 57 2
3 3 3 0 0 0
! 3 3 0 0 0
) 2 2 0
6 2 2 0
total 6 21 26 10 10
2 by 21 | 1 8 7 178 120 28
N7 158 2 5 4 110 91 4
3 3 3 0 0 0
1 3 3 0 0 0
A 3 2 22 13 1
6 2 2 0
total 6 21 36 16 22

TABLI 1.3

Continued
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DCOMP ICOMP
Mitrix Step No.of orp. No.of No.of oPp. No.of
Pivots Count IFill-in Pivota Count I'ifl-in

NMOS 1 8 169 30 4 0 0

Amplifier 2 5 117 | 7 51 18

ACIDC 3 3 0 0 5 51 1

4 3 0 0 3 0 0

24 by 21 5 2 13 0 2 10 0
N2 151

Total 5 21 40 21 22

MOS 1 R 178 40 4 0 0

Amplifier 2 4 119 « 10 7 61 17

Transient 3 3 0 0 5 60 R

4 3 0 0 3 0 0

21 by 21 5 2 25 0 2 13 1
Nz 158

Total 5 20 50 21 206

R-Bit 1 72 419 150 72 449 150

Full Adder 2 25 258 &0 25 2147 70

3 16 a9 0 19 99 0

. 4 11 110 12 11 110 20

111 by 111 5 0 75 22 6 5 29

N7 66 B i) 46 R 5 16 R

7 3 2¢ 1 3 29 4

& 2 10 0 2 10 0

9 2 8 0 2 & 0

Total i) 142 282 142 280

Comparison of the Two Proposed Orderings
for ULEVEL={.

TABLE 2.1
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DCOMP JICOMP

atrix ULEVIEL 39 0. . 0.
et [N Fooeps [0 Trows [ S el | svems [ [vows [ Bt
21 by 21 2 5 4 20 41 5 42| 21 18
N7 154 3 5 4 20 14 5 421 2 22
4 5 12| 2 10 5 421 2 922
5 5 12| 21 101 6 36 | 22 20
21 by 21 9 5 1 20 50 5 4 20 20
N7 158 3 5 A 20 50 5 12 | 21 26
4 5 4 20 50 5 421 2 20
5 5 1 20 50 5 121 2 268
52 by 52 2 5 9 a5 1 108 6 78 | 47 121
Nz 166 3 5 9 45 128 6 78 | 47 121
4 5 9 45 128 6 771 46 137
5 6 78 | 47 123 6 77| 46 137
141 by 119 2 90 [158 ] 142 282 9 158 ] 142 258
N7 616 3 o |58 112 9282 & 176 11 26 1
4 9 |i158 | 142 9289 9 158 ] 112 280
5 9 158 ] 142 282 9 158 142 280
7& by 78 2 10 77 a7 108 R 93| 71 238
N7 ROR 3 R 93| 74 200 | 10 751 75 271
' 1 9 R4 76 199 9 g3 | 75 IRT
A 10 77| 17 202 9 g3 | 75 202
305 by 505 2 36 {136 ] 188 | 5802 | 40 J12.3 | 193 | 5132
N/ SR80 3 37 [ 13.2 ] 190 | s811 At |12 | 497 | sa6d
1 34 1143 985 | sro2 | 41 |12 489 | 5583
38 |13 105 ) 5785 | 36 | 13.4 | 484 | 5695

Comparison of DCOMP and 1COMDP for Diflerent levels

TABLI. 2.2
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